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ENERGY CRITICAL SCHRO¨DINGER EQUATION WITH
WEIGHTED EXPONENTIAL NONLINEARITY I:
LOCAL AND GLOBAL WELL-POSEDNESS
ABDELWAHAB BENSOUILAH, DHOUHA DRAOUIL, AND MOHAMED MAJDOUB
Abstract. We investigate the initial value problem for a defocusing nonlinear Schro¨dinger
equation with weighted exponential nonlinearity
i∂tu+∆u =
u
|x|b
(
eα|u|
2
− 1
)
; (t, x) ∈ R× R2,
where 0 < b < 1 and α = 2pi(2 − b). We establish local and global well-posedness in
the subcritical and critical regimes.
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2 ABDELWAHAB BENSOUILAH, D. DRAOUIL, AND MOHAMED MAJDOUB
1. Introduction
This is the first of a two-paper series in which we deal with the initial value problem
for a nonlinear Schro¨dinger equation with weighted exponential nonlinearity{
i∂tu+∆u = ω(x)g(u), u : (−T∗, T
∗)× R2 7−→ C
u(0) = u0 ∈ H
1(R2)
(1.1)
where
g(u) = u
(
e(4−2b)π|u|
2
− 1
)
, (1.2)
and the singular weight ω is given by
ω(x) = |x|−b, (1.3)
with b > 0.
Solutions of (1.1) formally satisfy the conservation of mass and Hamiltonian
M(u(t)) := ‖u(t)‖2L2 =M(u0), (1.4)
H(u(t)) : =
∫
R2
|∇u(t)|2 dx+
1
(4− 2b)π
∫
R2
(
e(4−2b)π|u(t)|
2
− 1− (4− 2b)π|u(t)|2
) dx
|x|b
= H(u0) (1.5)
Before going further, let us recall a few historic facts about this problem. We begin
with the case of a power defocusing nonlinear Schro¨dinger equation
i∂tu+∆u = u|u|
p−1, 1 < p <∞. (1.6)
A solution u to (1.6) satisfies conservation of mass and Hamiltonian
H(u(t)) := ‖∇u(t)‖2L2 +
2
p+ 1
∫
RN
|u|p+1(t, x)dx. (1.7)
This case has been widely investigated and there is a large literature dealing with
the local and global solvability in the scale of the Sobolev spaces Hs(RN) (see [20, 26]
for N > 3 and [33] for N = 2). The case of weighted nonlinear terms
f(x, u) = λ|x|−au|u|p; p, a > 0 and λ = ±1,
was studied in [9, 15, 18].
Note that, if u solves (1.6) then, for λ > 0, uλ defined by
uλ(t, x) := λ
2
1−pu(λ−2t, λ−1x)
also solves (1.6). Let sc =
d
2
− 2
p−1
. Remark that the L2- based homogeneous H˙sc-
Sobolev norm is invariant under the mapping f(x) 7→ λ−
2
p−1 f(λ−1x) for all λ > 0. It is
known that if s > sc, then (1.6) is locally well-posed in H
s(RN), with existence interval
depending only upon ‖u0‖Hs . For s = sc, (1.6) is locally well-posed in H
s, with an
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existence interval depending upon eit∆u0. Finally, if s < sc, then (1.6) is ill-posed in
Hs. Therefore, it is natural to refer to Hsc as the critical regularity for (1.6).
For the energy critical case, i.e., sc = 1, an iteration of the local-in-time well posed-
ness theory fails to prove global well posedness since the local existence interval does
not depend only on ‖u0‖H1. By using new ideas of Bourgain [6] along with a new in-
teraction Morawetz inequality [11], the energy critical case of (1.6) is now completely
solved (see [32]).
For N = 2, the initial value problem associated to (1.6) is energy subcritical for
all p > 1. To identify an ”energy critical” nonlinear Schro¨dinger initial value problem
on R2, it is thus natural to consider problems with exponential nonlinearities. The
exponential type nonlinearities appear in several applications, as for example the self
trapped beams in plasma (See [21]). From a mathematical point of view, Cazenave
[8] considered the nonlinearity f(u) = (1 − e−|u|
2
)u and showed global well-posedness
and scattering. We stress here that for exponential nonlinearities behaving like e|u|
2
at
infinity, the nonlinear interaction grows more rapidly than any power for large ampli-
tude, and moreover, the higher derivatives grows even faster. This is the main difficulty
for the exponential nonlinearity. The two dimensional case is particularly interesting
because of its relation to the critical Sobolev (or Moser-Trudinger) embedding.
The 2D-NLS problem with exponential nonlinearities was studied by Nakamura and
Ozawa in [24] for small Cauchy data. They proved global well-posedness and scat-
tering. Recently, Colliander-Ibrahim-Majdoub-Masmoudi [10] considered the following
2D-NLS initial value problem{
i∂tu+∆u = u
(
e4π|u|
2
− 1
)
,
u(0) = u0 ∈ H
1(R2).
They obtained global well-posedness for both subcritical and critical regimes (i.e.,
H(u0) 6 1), and some ill-posedness results in the supercritical case (H(u0) > 1).
Later on, Ibrahim-Majdoub-Masmoudi-Nakanishi proved in [13] the scattering when
the cubic term is subtracted from the nonlinearity to avoid another critical exponent
related to the decay property of solutions. The main ingredient is a new interaction
Morawetz estimate, proved independently by Colliander et al. [11] and Planchon and
Vega [25]. This estimate gives a priori global bound on u in the space L4t (L
8
x). Hence,
by complex interpolation they deduced that some of the Strichartz norms used in the
nonlinear estimate go to zero for large times and the scattering in the subcritical case
follows.
Our main goal here is to prove global well-posedness for the Cauchy problem (1.1)
in the energy space. The fundamental tools are the classical Strichartz estimates and
a new Moser-Trudinger inequality with singular weights proved recently in [28, 29, 30].
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1.1. Statement of the results. We begin by defining our notion of criticality and
well-posedness for (1.1). We then give precise statements of our main results.
Definition 1.1. The Cauchy problem (1.1) is said to be subcritical if
H(u0) < 1.
It is critical if H(u0) = 1 and supercritical if H(u0) > 1.
Definition 1.2. We say that the Cauchy problem (1.1) is locally well-posed in H1(R2)
if there exist E > 0 and a time T = T (E) > 0 such that for every u0 ∈ BE :=
{ u0 ∈ H
1(R2); ‖∇u0‖L2 < E } there exists a unique (distributional) solution u :
[−T, T ] × R2 −→ C to (1.1) which is in the space C([−T, T ];H1x), and such that the
solution map u0 7−→ u is uniformly continuous from BE to C([−T, T ];H
1
x).
We give now our main result in the following global well-posedness theorem.
Theorem 1.3. Assume that 0 < b < 1. Let u0 ∈ H
1(R2) such that H(u0) 6 1. Then,
the Cauchy problem (1.1) has a unique global solution u ∈ C(R, H1(R2)). Moreover,
u ∈ L4loc(R, C
1
2 (R2)) and satisfies the conservation laws (1.4) and (1.5).
In a forthcoming paper [5], we will show that every global solution of (1.1) with
H(u) < 1 approaches solutions to the associated free equation
i∂tv +∆v = 0, (1.8)
in the energy space H1 as t → ±∞. So far, we have not succeeded to handle the
critical case H(u) = 1, so we have to restrict ourselves to the sub-critical one. More
precisely, we have the following forward in-time scattering result.
Theorem 1.4. Assume that 0 < b < 1. Then, for any global solution u of (1.1)
in C(R, H1(R2)) satisfying H(u) < 1, we have u ∈ L4(R, C
1
2 (R2)) and there exists a
unique free solution u+ to (1.8) such that
‖(u− u+)(t)‖H1 −→
t→+∞
0.
The paper is organized as follows. In Section 2, we present some useful tools from
the literature that will be needed in our analysis. Section 3 is devoted to the proof of
our main result about global well-posedness (Theorem 1.3). We end the paper with an
appendix in which we mainly focus on Schwarz symmetrization.
Here and below CT (X) denotes C([0, T ); X), L
p
T (X) denotes L
p([0, T );X) and Lq
denotes Lq(R2). If A and B are nonnegative quantities, we use A . B to denote
A 6 CB for some positive universal constant C. Finally, B(R) denotes the ball in R2
centered at the origin and with radius R.
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2. Basic facts and useful tools
In this section we introduce the basic tools we will use all along this paper. We start
with the following weighted Moser-Trudinger type inequality.
Theorem 2.1. [28] Let 0 < b < 2 and 0 < α < 2π(2− b). Then, there exists a positive
constant C = C(b, α) such that∫
R2
eα|u(x)|
2
− 1
|x|b
dx 6 C
∫
R2
|u(x)|2
|x|b
dx, (2.1)
for all u ∈ H1(R2) with ‖∇u‖L2(R2) 6 1.
We point out that α = 2π(2−b) becomes admissible in (2.1) if we require ‖u‖H1(R2) ≤
1 instead of ‖∇u‖L2(R2) ≤ 1. More Precisely, we have
Theorem 2.2. [29] Let 0 < b < 2. We have
sup
‖u‖
H1(R2)61
∫
R2
eα|u(x)|
2
− 1
|x|b
dx <∞ if and only if α ≤ 2π(2− b). (2.2)
The following lemma will be very useful.
Lemma 2.3. Let 0 < b < 2 and γ ≥ 2. Then, there exists a positive constant
C = C(b, γ) > 0 such that ∫
R2
|u(x)|γ
|x|b
dx ≤ C‖u‖γ
H1(R2), (2.3)
for all u ∈ H1(R2).
Remark 2.4. Inequality (2.3) fails for b > 2. Indeed, let u ∈ D(R2) (the space of
smooth compactly supported functions) be a radial function such that u(x) ≡ 1 for
|x| 6 1. Then, u ∈ H1(R2) and∫
R2
|u(x)|γ
|x|b
dx > 2π
∫ 1
0
rdr
rb
= +∞.
Proof of Lemma 2.3. The diamagnetic inequality (see [31] for a proof)∫
R2
|∇|u||2 dx 6
∫
R2
|∇u|2 dx,
which holds true for all functions u ∈ H1(R2), shows that it suffices to prove inequality
(2.3) for u ∈ H1(R2) such that u > 0 on R2.
Let u be a non-negative H1-function. Write∫
R2
|u(x)|γ
|x|b
dx =
∫
{|x|61}
|u(x)|γ
|x|b
dx+
∫
{|x|>1}
|u(x)|γ
|x|b
dx
= I + II.
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The Sobolev embedding H1(R2) →֒ Lγ(R2) implies that
II 6 ‖u‖γLγ 6 Cγ‖u‖
γ
H1
. (2.4)
Set Ω := {|x| < 2} and v : Ω → R, x 7→ u(x)φ(x), where φ is a C1c (Ω)-function such
that φ ≡ 1 on {|x| 6 1}, 0 6 φ 6 1 and φ(x) = 0 for 3
2
< |x| < 2. We note that
v ∈ H10 (Ω). Thus, the Polya-Szego¨ theorem implies that v
∗ ∈ H10 (Ω
∗). Here, ψ∗ stands
for the Schwarz symmetrization of ψ.
We have
I 6
∫
Ω
|v(x)|γ
|x|b
dx =
∫
Ω
v(x)γ
|x|b
dx,
where in the last inequality we used the fact that v is a non-negative function.
On the one hand, since 0 < b < 2, one can find 1 6 q <∞ such that 0 < b < 2
q′
, so that
ω ∈ Lq
′
(Ω). On the other hand, by the Sobolev embedding, we know that vγ ∈ Lq(Ω).
Hence, we can apply the Hardy-Littlewood inequality to get∫
Ω
v(x)γ
|x|b
dx 6
∫
Ω∗
(F (v))∗(x)ω∗(x)dx,
where F denotes the function
F (y) := yγχR+(y), y ∈ R.
The fact that F is non-decreasing gives
(F (v))∗ = F (v∗) 6 |v∗|γ.
A simple computation shows that
ω#(s) = π
b
2 s−
b
2 , s ∈]0, 4π],
where ω# stands for the decreasing rearrangement of ω. Thus
ω∗(x) := ω#(π|x|2) = ω(x), a.e. x ∈ Ω∗.
Therefore, ∫
Ω
v(x)γ
|x|b
dx 6
∫
Ω∗
|v∗(x)|γ
|x|b
dx = 2π
∫ 2
0
|v∗(r)|γ
rb−1
dr.
Extending v∗ by zero outside its domain, we can consider it as an element of H1
rad
(R2).
The Strauss radial lemma (see appendix) and the Poincare´ inequality imply then
I 6 2π(Cp)
γ‖v∗‖γ
H10 (Ω
∗)
∫ 2
0
dr
r
2γ
p+2
+b−1
.
Choose 2 6 p <∞ such that
2γ
p+ 2
+ b− 1 < 1.
This is possible since b < 2. Hence, Polya-Szego¨ theorem and the Poincare´ inequality
yield
I 6 C(p, γ, b)‖v‖γ
H1(Ω).
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Since ‖v‖H1(Ω) . ‖u‖H1(R2), one obtains at final
I . ‖u‖γ
H1(R2). (2.5)
Combining inequalities (2.4) and (2.5) we deduce the desired result. 
In order to control solutions of (1.1), we will use Strichartz estimates.
Proposition 2.5 (Strichartz estimates [10]).
Let v0 be a function in H
1(R2) and F ∈ L1(R, H1(R2)). Denote by v a solution to the
inhomogeneous linear Schro¨dinger equation
i∂tv +∆v = F,
with initial data v(0, x) = v0(x). Then, a constant C exists such that for any T > 0
and any admissible couple (q, r), (δ, ρ) we have
‖v‖Lq([0,T ],W 1,r(R2)) 6 C
[
‖v0‖H1(R2) + ‖F‖Lδ′([0,T ],W 1,ρ′)(R2))
]
. (2.6)
We recall that a couple (q,r) is said to be Schro¨dinger admissible, if 2 6 q, r 6
∞, (q, r) 6= (2,∞) and 1
q
+ 1
r
= 1
2
.
Thanks to the next inequality, we will be able to control the exponential term.
Proposition 2.6 (Log Estimate [14]).
Let β ∈]0, 1[. For any λ > 1
2πβ
and any 0 < µ 6 1, a constant Cλ > 0 exists such that,
for any function u ∈ H1(R2)
⋂
Cβ(R2), we have
‖u‖2L∞(R2) 6 λ‖u‖
2
Hµ
log
(
Cλ +
8βµ−β‖u‖Cβ(R2)
‖u‖Hµ
)
, (2.7)
where we set
‖u‖2Hµ := ‖∇u‖
2
L2(R2) + µ
2‖u‖2L2(R2).
Recall that Cβ(R2) denotes the space of β-ho¨lder continuous functions endowed with
the norm
‖u‖Cβ(R2) := ‖u‖L∞(R2) + sup
x 6=y
|u(x)− u(y)|
|x− y|β
.
We note that (q, r) = (4, 4) is an admissible Strichartz couple and we have
W 1,4(R2) →֒ C
1
2 (R2).
We end this section with a lemma that will be useful in the proof of the global
existence.
Lemma 2.7. Let u be a solution of (1.1) on [0, T ) with 0 < T 6 ∞ and suppose
that E := H(u0) +M(u0) < ∞. Then, a constant C(E) exists such that, for any two
positive real numbers S and S ′ and for any 0 < t < T , the following holds∫
B(S+S′)
|u(t, x)|2dx >
∫
B(S)
|u0(x)|
2dx−
C(E)
S ′
t.
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Proof. Let h : R→ R be a real-valued C∞-function such that

h(τ) = 1 if τ > 1,
h(τ) = 0 if τ 6 0,
0 6 h(τ) 6 1 ∀τ ∈ R.
Set
ψ(x) := h
(
1−
dS(x)
S ′
)
,
where
dS(x) :=
{
0 if |x| 6 S
|x| − S if |x| > S.
Note that ψ satisfies 

ψ(x) = 1 if x ∈ B(S),
ψ(x) = 0 if |x| > S + S ′,
‖∇ψ‖L∞ 6
‖h′‖L∞
S′
.
Now, Multiply equation (1.1) by ψ2u¯. We get
i(ψ2u¯)∂tu+ ψ
2u¯∆u = ψ2u¯ω(x)g(u). (2.8)
Taking the complex conjugate of (1.1) and multiplying it by ψ2u gives
−iψ2u∂tu¯+ ψ
2u∆u¯ = ψ2uω(x)g(u). (2.9)
Subtracting (2.9) from (2.8) yields
iψ2(u¯∂tu+ u∂tu¯) + ψ
2(u¯∆u−∆u¯u) = 0.
Integrating the last equation over R2 and then integrating by parts give
∂t‖ψu‖
2
L2 = −4Im
(∫
R2
ψ(x)u∇ψ(x)∇u¯dx
)
.
We have
Im
(∫
R2
ψ(x)∇ψ(x)u∇u¯dx
)
6
∫
B(S+S′)
|ψ(x)∇ψ(x)u∇u¯|dx
6
‖h′‖L∞
S ′
∫
R2
|u(x)||∇u(x)|dx
≤
‖h′‖L∞
2S ′
E.
Therefore
∂t‖ψu‖
2
L2 > −
C(E)
S ′
.
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Let 0 < t < T and integrate over ]0, t[ to get∫
B(S+S′)
|u(t, x)|2dx >
∫
B(S+S′)
ψ2(x)|u(t, x)|2dx
>
∫
B(S+S′)
ψ2(x)|u0(x)|
2dx−
C(E)
S ′
t
>
∫
B(S)
|u0(x)|
2dx−
C(E)
S ′
t.
Here we have used the fact that 0 ≤ ψ ≤ 1 and ψ ≡ 1 on B(S). 
3. Local and global well-posedness
This section is devoted to prove the existence and the uniqueness of solutions in the
energy space to the problem{
i∂tu+∆u =
u
|x|b
(eα|u|
2
− 1),
u(t = 0, .) = u0(.).
(P )
Here u0 ∈ H
1(R2), α := (4 − 2b)π and 0 < b < 1. First, we construct a local
in-time solution using a classical fixed point argument in a suitable complete metric
space. Then, we show the uniqueness in its unconditional form. Finally, using a non-
concentration argument we prove that the maximal solution is global in both subcritical
and critical regimes. For further purposes, we set
Φ(u)(t) := eit∆u0 + i
∫ t
0
ei(t−τ)∆f(x, u(τ, x)) dτ, (3.1)
where
f(x, u) := ω(x)g(u). (3.2)
Let us also introduce, for any non-negative time T , the following Banach space
E(T ) = C([0, T ], H1(R2)) ∩ L4([0, T ], C
1
2 (R2))
endowed with the norm
‖u‖T := sup
t∈[0,T ]
(
‖u(t)‖L2(R2) + ‖∇u(t)‖L2(R2)
)
+ ‖u‖
L4T ([0,T ],C
1
2 (R2))
.
3.1. Local existence. We summarize the result in the following theorem.
Theorem 3.1. Let u0 ∈ H
1(R2) such that ‖∇u0‖L2 < 1 and 0 < b < 1. Then, there
exist T = T (‖u0‖H1(R2), b) > 0 and a solution u to (P ) in the class E(T ).
The proof of this theorem is carried out by a fixed point argument combined with
the following estimates.
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Lemma 3.2. Let f be given by (3.2). Then, for any ε > 0 there exists a constant
Cε,b > 0 such that
|f(x, u)− f(x, v)| ≤ Cε,b
|u− v|
|x|b
(
eα(1+ε)|u|
2
− 1 + eα(1+ε)|v|
2
− 1
)
(3.3)
and
|∇ (f(x, u)− f(x, v)) | ≤ Cε,b
{
|u− v|
|x|b+1
(
eα(1+ε)|u|
2
− 1 + eα(1+ε)|v|
2
− 1
)
(3.4)
+
|∇u−∇v|
|x|b
(
eα(1+ε)|u|
2
− 1
)
+ |∇v|
|u− v|
|x|b
(
|u|+ eα(1+ε)|u|
2
− 1 + |v|+ eα(1+ε)|v|
2
− 1
)}
Proof. Let us identify g with the C∞-function defined on R2 and denote by Dg the R2-
derivative of the identified function. Using the mean value theorem and the convexity
of the exponential function, we derive the following properties:
|g(z1)− g(z2)| . |z1 − z2|
∑
j=1,2
(
eα|zj |
2
− 1 + |zj|
2eα|zj |
2
)
,
and
|(Dg)(z1)− (Dg)(z2)| . |z1 − z2|
∑
j=1,2
(
|zj |e
α|zj |2 + |zj |
3eα|zj |
2
)
.
Therefore, for any positive real number ε, there exists a positive constant Cε such
that
|g(z1)− g(z2)| ≤ Cε|z1 − z2|
{
eα(1+ε)|z1|
2
− 1 + eα(1+ε)|z2|
2
− 1
}
, (3.5)
and
|(Dg)(z1)− (Dg)(z2)| ≤ Cε|z1 − z2|
∑
i=1,2
(
|zi|+ e
α(1+ε)|zi|2 − 1
)
. (3.6)
Let u, v : R× R2 → C be two complex-valued functions. A straightforward calcula-
tion gives
∇ (f(x, u)− f(x, v)) =
1
|x|b
(Du−Dv) ·Dg(u) +
1
|x|b
Dv · (Dg(u)−Dg(v))
−
bx
|x|b+2
(g(u)− g(v)) (3.7)
where
(Dg)(ψ) :=
(
eα|ψ|
2
− 1 + α|ψ|2eα|ψ|
2
αψ2eα|ψ|
2
)
,
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and
Dψ :=
(
∇ψ
∇ψ¯
)
.
Using estimates (3.5) and (3.6) with the fact that
xex 6
e(1+ǫ)x − 1
ǫ
,
for all x > 0 and all ǫ > 0, we get inequality (3.4).

Proof. (of theorem 3.1)
For T,R > 0, denote by BT (R) the ball in E(T ) of radius R and centered at the
origin. We define the map Φ on the ball BT (R) by v 7→ Φ(v) := v˜, where v˜ solves{
i∂tv˜ +∆v˜ = f(x, v + v0),
v˜(t = 0, x) = 0.
Here v0 := e
it△u0 is the solution of the free Schro¨dinger equation (1.8) with initial
data u0. In the sequel, we will prove that for T > 0 and R > 0 suitably chosen, Φ is a
contraction map from BT (R) into itself.
We start by showing the stability of BT (R) by Φ. Applying the Strichartz estimate
(2.6) one gets
‖Φ(v)‖T = ‖v˜‖T . ‖f(x, v + v0)‖
L
2(1+ε)
3ε+1
T
(W 1,1+εx )
,
where ε is a nonnegative real number to be chosen suitably.
Let us first estimate ‖f(x, v + v0)‖
L
2(1+ε)
1+3ε
T
(L1+εx )
. Ho¨lder inequality in space and time
yields
‖f(x, v + v0)‖
L
2(1+ε)
1+3ε
T (L
1+ε
x )
.
∥∥∥∥v + v0
|x|
b
2
∥∥∥∥
L∞T (L
2
x)
∥∥∥∥eα|v+v0|
2
− 1
|x|
b
2
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
2(1+ε)
1−ε
x )
.
From lemma 2.3 one deduces that∥∥∥∥v + v0
|x|
b
2
∥∥∥∥
L∞
T
(L2x)
. ‖v + v0‖L∞T (H1x).
Now, we will deal with the term
∥∥∥∥eα|v+v0|2−1|x| b2
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
2(1+ε)
1−ε
x )
. An easy computation gives
∥∥∥∥eα|v+v0|
2
− 1
|x|
b
2
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
2(1+ε)
1−ε
x )
6
∥∥∥∥eα‖v+v0‖2L∞ − 1
∥∥∥∥
1+3ε
2(1+ε)
L1T
∥∥∥∥eα|v+v0|
2
− 1
|x|
b(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T L
1
x
(3.8)
Since b < 2, one can find 0 < ε < 2−b
2+b
. On the other hand, since ‖∇u0‖L2 < 1, one can
find 0 < R <
1−‖∇u0‖L2
2
, so that ‖∇(v + v0)‖L2 6 ‖∇v‖L2 + ‖∇v0‖L2 6
1+‖∇u0‖L2
2
< 1.
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Set A :=
1+‖∇u0‖L2
2
. Applying successively theorem 2.1 and lemma 2.3 one obtains the
following estimate ∥∥∥∥eα|v+v0|
2
− 1
|x|
b(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T L
1
x
. ‖v + v0‖
1−ε
1+ε
T .
In order to estimate
∥∥∥∥eα‖v+v0‖2L∞x − 1
∥∥∥∥
L1T
, we use the same technique as in [4]. Write
∥∥∥∥eα‖v+v0‖2L∞x − 1
∥∥∥∥
L1T
=
∫
{t∈[0,T ] ; ‖v+v0‖L∞x 61}
(
e
α‖v+v0‖2L∞x − 1
)
dt
+
∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α‖v+v0‖2L∞x − 1
)
dt.
It can easily be shown that∫
{t∈[0,T ] ; ‖v+v0‖L∞x 61}
(
e
α‖v+v0‖2L∞x − 1
)
dt 6 C(b)T
1
2‖v + v0‖
2
T .
The log estimate allows us to find a constant 0 < γ < 1 such that∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α‖v+v0‖2L∞x − 1
)
dt .
∫
{t∈[0,T ] ; ‖uω(t,·)‖L∞x >1}
‖v + v0‖
2(2−b)γ
C
1
2
x
.
Therefore ∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α‖v+v0‖2L∞x − 1
)
dt . T
b
2‖v + v0‖
2(2−b)
T .
Thus
‖f(x, v+v0)‖
L
2(1+ε)
3ε+1
T (L
1+ε
x )
. ‖v+v0‖
2
1+ε
T
(
T
1
2‖v + v0‖
2
T + T
b
2‖v + v0‖
2(2−b)
T
) 1+3ε
2(1+ε)
. (3.9)
Now we are going to estimate the gradient term, namely ‖∇f(x, v+v0)‖
L
2(1+ε)
3ε+1
T (L
1+ε
x )
.
We have
‖∇f(x, v + v0)‖
L
2(1+ε)
1+3ε
T
(L1+εx )
.
∥∥∥∥ |v + v0||x|b+1 (eα|v+v0|2 − 1)
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
1+ε
x )
+
∥∥∥∥ |∇(v + v0)||x|b (eα(1+ε)|v+v0 |2 − 1)
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
1+ε
x )
.
In the sequel we set
I1 :=
∥∥∥∥ |v + v0||x|b+1 (eα|v+v0|2 − 1)
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
1+ε
x )
,
and
I2 :=
∥∥∥∥ |∇(v + v0)||x|b (eα(1+ε)|v+v0 |2 − 1)
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
1+ε
x )
.
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We have
I1 6
∥∥∥∥v + v0
|x|
b+1
2
∥∥∥∥
L∞
T
(L2x)
∥∥∥∥eα|v+v0|
2
− 1
|x|
b+1
2
∥∥∥∥
L
2(1+ε)
1+3ε
T
(L
2(1+ε)
1−ε
x )
.
The fact that 0 < b < 1 allows us to apply successively theorem 2.1 and lemma 2.3
and to infer that ∥∥∥∥v + v0
|x|
b+1
2
∥∥∥∥
L∞
T
(L2x)
. ‖v + v0‖T .
On the other hand, from Ho¨lder inequality in space and time we have∥∥∥∥eα|v+v0|
2
− 1
|x|
b+1
2
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
2(1+ε)
1−ε
x )
6
∥∥∥∥eα|v+v0|
2
− 1
|x|
(b+1)(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T (L
1
x)
∥∥∥∥eα‖v+v0‖2L∞x − 1
∥∥∥∥
1+3ε
2(1+ε)
L1T
.
Taking 0 < ε < 1−b
b+3
ensures that (b+1)(1+ε)
1−ε
< 2. On the other hand, for 0 < R <
1−‖∇u0‖L2
2
one has ‖∇(v + v0)‖L2 6 ‖∇v‖L2 + ‖∇v0‖L2 6
1+‖∇u0‖L2
2
< 1, so that
theorem 2.1 and lemma 2.3 can be applied to give∥∥∥∥eα|v+v0|
2
− 1
|x|
(b+1)(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T (L
1)
. ‖v + v0‖
1−ε
1+ε
T .
The term
∥∥∥∥eα‖v+v0‖2L∞x − 1
∥∥∥∥
1+3ε
2(1+ε)
L1T
was treated above. For I2 we write
I2 6 ‖∇(v + v0)‖L∞T (L2x)
∥∥∥∥eα(1+ε)|v+v0|
2
− 1
|x|b
∥∥∥∥
L
2(1+ε)
1+3ε
T (L
2(1+ε)
1−ε
x )
6 ‖∇(v + v0)‖L∞T (L2x)
∥∥∥∥eα(1+ε)|v+v0|
2
− 1
|x|
2b(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T (L
1
x)
∥∥∥∥eα(1+ε)‖v+v0‖2L∞x − 1
∥∥∥∥
1+3ε
2(1+ε)
L1T
.
Since one can take ε > 0 such that 2b(1+ε)
1−ε
< 2, a similar reasoning as previously allow
us to get ∥∥∥∥eα(1+ε)|v+v0 |
2
− 1
|x|
2b(1+ε)
1−ε
∥∥∥∥
1−ε
2(1+ε)
L∞T (L
1
x)
. ‖v + v0‖
1−ε
1+ε
T .
Write ∥∥∥∥eα(1+ε)‖v+v0‖2L∞x − 1
∥∥∥∥
L1T
=
∫
{t∈[0,T ] ; ‖v+v0‖L∞x 61}
(
e
α(1+ε)‖v+v0‖2L∞x − 1
)
dt
+
∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α(1+ε)‖v+v0‖2L∞x − 1
)
dt.
It can easily be shown that∫
{t∈[0,T ] ; ‖v+v0‖L∞x 61}
(
e
α(1+ε)‖v+v0‖2L∞x − 1
)
dt 6 C(b, ε)T
1
2‖v + v0‖
2
T .
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Using the log estimate one can find a constant 0 < γ < 1 such that∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α(1+ε)‖v+v0‖2L∞x − 1
)
dt .
∫
{t∈[0,T ] ; ‖uω(t,·)‖L∞x >1}
‖v + v0‖
2(2−b)γ
C
1
2
x
.
Hence ∫
{t∈[0,T ] ; ‖v+v0‖L∞x >1}
(
e
α(1+ε)‖v+v0‖2L∞x − 1
)
dt . T
b
2‖v + v0‖
2(2−b)
T .
We come to
I2 . ‖v + v0‖
2
1+ε
T
(
T
1
2‖v + v0‖
2
L∞x
+ T
b
2‖v + v0‖
2(2−b)
T
) 1+3ε
2(1+ε)
.
Hence
‖∇f(x, v + v0)‖
L
2(1+ε)
3ε+1
T (L
1+ε
x )
. ‖v + v0‖
2
1+ε
T
(
T
1
2‖v + v0‖
2
L∞x
+ T
b
2‖v + v0‖
2(2−b)
T
) 1+3ε
2(1+ε)
.
(3.10)
The estimates (3.9) and (3.10) allow us to conclude that Φ maps BT (R) into itself for
0 < R <
1−‖∇u0‖L2
2
and T > 0 sufficiently small.
The fact that Φ is a contraction can be carried out in a similar manner, we omit the
details. 
3.2. Unconditional uniqueness. This subsection is devoted to prove an uncondi-
tional uniqueness result. Note that uniqueness in BR(T ) follows from the contraction
argument. In what follows, we are going to obtain the stronger statement that unique-
ness hold in the natural space C([0, T ), H1(R2)).
Theorem 3.3. Let T > 0 and u0 ∈ H
1(R2) such that ‖∇u0‖L2 < 1. Then, the Cauchy
problem (1.1) has at most one solution in the space C([0, T ), H1(R2)).
The proof of Theorem 3.3 follows immediately from the following Lemma
Lemma 3.4. Let T, δ > 0 be positive real numbers and u0 ∈ H
1(R2) such that
‖∇u0‖L2 < 1. If u ∈ C([0, T ], H
1(R2)) is a solution of (1.1) on [0, T ], then there exists
a time 0 < Tδ ≤ T such that u ; ∇u ∈ L
4([0, Tδ], L
4(R2)) and
‖u‖L4([0,Tδ]×R2) + ‖∇u‖L4([0,Tδ ]×R2) ≤ δ.
Proof. Denote by V := u− v0 with v0 := e
it∆u0. Note that V satisfies
i∂tV +∆V = f(x, V + v0).
From Strichartz inequalities, to prove that V and ∇V are in L4t,x, it is sufficient to
estimate ∇j
[
f(x, V + v0)
]
in the dual Strichartz norm ‖ · ‖
L
2(1+ε)
1+3ε
T (L
1+ε
x )
with j = 0, 1.
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Take ε > 0 (to be chosen later suitably). By continuity of t→ V (t, ·), one can choose
a time 0 < T1 ≤ T such that
sup
[0,T1]
‖V (t, ·)‖H1 ≤ ε. (3.11)
Observe that
|V + v0|
2 ≤ a|v0|
2 +
a
a− 1
|V |2; a > 1,
ex+y − 1 = (ex − 1)(ey − 1) + (ex − 1) + (ey − 1); x, y ∈ R,
and
xex ≤
e(1+ε)x − 1
ε
; x > 0 , ε > 0.
In the sequel, we will only estimate the term with derivative, the other case is easier.
Applying estimate (3.4) with u = V + v0 and v = 0, one gets
|∇ (f(x, V + v0)) | ≤ Cε,b
{
|V + v0|
|x|b+1
(
eα(1+ε)|V +v0|
2
− 1
)
+
|∇(V + v0)|
|x|b
(
eα(1+ε)|V +v0|
2
− 1
)}
.
The terms figuring in the right hand side of the last inequality are treated in exactly
the same manner. We will only deal with the second one. Taking into account the
above observations, we get, for a > 1 to be chosen later conveniently
|∇(V + v0)|
|x|b
(
eα(1+ε)|V+v0|
2
− 1
)
. |∇(V + v0)|
(
eα(1+ε)a|v0|
2
− 1
|x|b
)(
eα(1+ε)
a
a−1
|V |2 − 1
)
+ |∇(V + v0)|
(
eα(1+ε)a|v0|
2
− 1
|x|b
)
(3.12)
+ |∇(V + v0)|
(
eα(1+ε)
a
a−1
|V |2 − 1
|x|b
)
.
We will estimate the two first terms of the RHS of inequality (3.12), the third one can
be treated analogously. For the first term we have
∥∥∥∥|∇(V + v0)|
(
eα(1+ε)a|v0|
2
− 1
|x|b
)(
eα(1+ε)
a
a−1
|V |2 − 1
)∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L1+εx )
6 ‖∇(V + v0)‖L∞T1 (L
2
x)
∥∥∥∥
(
eα(1+ε)a|v0 |
2
− 1
|x|b
)(
eα(1+ε)
a
a−1
|V |2 − 1
)∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L
2(1+ε)
1−ε
x )
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6 ‖∇(V + v0)‖L∞T1 (L
2
x)
∥∥∥∥eα(1+ε)a|v0 |
2
− 1
|x|b
∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L
4(1+ε)
2−3ε
x )
∥∥∥∥eα(1+ε) aa−1 |V |2 − 1
∥∥∥∥
L∞T1
(L
4(1+ε)
ε
x )
.
Applying the Ho¨lder inequality we obtain∥∥∥∥eα(1+ε)a|v0 |
2
− 1
|x|b
∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L
4(1+ε)
2−3ε
x )
6
∥∥∥∥eα(1+ε)a|v0 |
2
− 1
|x|
4b(1+ε)
2−3ε
∥∥∥∥
2−3ε
4(1+ε)
L∞T1
(L1x)
∥∥∥∥eα(1+ε)a‖v0‖2L∞
∥∥∥∥
2+7ε
4(1+ε)
L
2+7ε
2(1+3ε)
T1
.
For the second term of the RHS of (3.12) one gets∥∥∥∥|∇(V+v0)|
(
eα(1+ε)a|v0|
2
− 1
|x|b
)∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L1+εx )
6 ‖∇(V+v0)‖L∞T1(L
2
x)
∥∥∥∥eα(1+ε)a|v0|
2
− 1
|x|b
∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L
2(1+ε)
1−ε
x )
.
Therefore, we need to estimate the following three terms:
J1(t) :=
∥∥∥∥eα(1+ε)a|v0 |
2
− 1
|x|
4b(1+ε)
2−3ε
∥∥∥∥
L∞T1
(L1x)
,
J2(t) :=
∥∥∥∥eα(1+ε)a|v0|
2
− 1
|x|b
∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L
2(1+ε)
1−ε
x )
,
and
J3(t) :=
∥∥∥∥eα(1+ε) aa−1 |V |2 − 1
∥∥∥∥
L∞
T1
(L
4(1+ε)
ε
x )
.
Take a > 1 such that a‖∇u0‖L2 < 1. This is possible since ‖∇u0‖L2 < 1. On the
other hand, since 4b(1+ε)
2−3ε
→ 2b as ε → 0+, one can find ε > 0 such that 4b(1+ε)
2−3ε
< 2.
With these choices for a and ε we can apply theorem 2.1 and lemma 2.3 successively
to obtain ∫
R2
eα(1+ε)a|v0|
2(x) − 1
|x|
4b(1+ε)
2−3ε
dx 6 C(a, b, ε)‖v0‖
2
H1 .
The same method applies for J2. For J3, taking into consideration (3.11), the classical
Moser-Trudinger inequality applies for suitable a and ε and yields
J3 6 C(a, ε).
Therefore∥∥∥∥|∇(V + v0)|
(
eα(1+ε)a|v0|
2
− 1
|x|b
)(
eα(1+ε)
a
a−1
|V |2 − 1
)∥∥∥∥
L
2(1+ε)
1+3ε
T1
(L1+εx )
6 C(a, b, ε, T1),
with C(a, b, ε, S) −→
S→0
0. Hence choosing T1 small enough we derive the desired esti-
mate. 
Let us mention a remark about the time of local existence.
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Remark 3.5. The time T of local existence constructed in theorem 3.1 depends only
on the size of the data u0 and b. However, when ‖∇u0‖L2 < 1−̺, the lifespan depends
only on ̺, b and ‖u0‖L2.
3.3. Global existence. In this section we prove a global well-posedness result in the
defocusing case when H(u0) 6 1 (subcritical and critical regimes).
We start with the subcritical case where the maximal solution u of (P ) extends glob-
ally in time by a rather simple argument. This argument do not apply in the critical
case, where the situation is more delicate. Indeed, the total energy can be concentrated
in the ‖∇u(t)‖L2-part of the Hamiltonian. We show that such a phenomenon can not
occur.
3.3.1. The subcritical case.
The assumption H(u0) < 1 implies that ‖∇u0‖L2 < 1. Hence, by a fixed point argu-
ment as in the proof of local existence, the problem (P ) has a unique maximal solution
u on the time interval [0, T ∗) where 0 < T ∗ 6∞ is the maximal lifespan.
We argue by contradiction. Assume that T ∗ is finite. Then, we have
sup
t∈[0,T ∗)
‖∇u(t)‖L2 6 H(u0) < 1.
Consider for 0 < t0 < T
∗ the following Cauchy problem:{
i∂tv +∆v = f(x, v),
v(t0) = u(t0)
By the local existence theory, we can see that there exists a non-negative τ and a unique
solution v to our problem on the interval [t0, T ] where T = t0 + τ . Using Remark 3.5
and the conservation laws, we see that τ depends only on ρ := 1−H(u0)
2
, b and ‖u0‖L2.
Choosing t0 close enough to T
∗ such that T ∗ − t0 < τ , one can extend u beyond the
maximal time T ∗. This yields to a contradiction.
3.3.2. The critical case.
Let u be the maximal solution of (P ) defined on the interval [0, T ∗), where 0 < T ∗ 6∞
is the lifespan of u. Since H(u0) = 1, a concentration phenomena can occur, that is
lim sup
t−→T ∗
‖∇u(t)‖L2 = 1.
Therefore, the argument used above in the subcritical case does not apply. We show
here that such a concentration phenomena does not happen. Assume that T ∗ is finite
and let us derive a contradiction. Before doing so, We state and prove the following
proposition.
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Proposition 3.6. The maximal solution u satisfies:
(i) lim sup
t−→T ∗
‖∇u(t)‖L2 = 1.
(ii) There exists a sequence of times {tn}
∞
n=1 in [0, T
∗] converging to T ∗such that∫
R2
|u(tn, x)|
4
|x|a
dx −→
n→∞
0.
Proof. Recall that
H(u(t)) :=
∫
R2
|∇u(t)|2dx+
1
α
∫
R2
(
(eα|u(t)|
2
− 1− α|u(t)|2)
) dx
|x|a
.
Hence, for all 0 6 t < T ∗ we have
‖∇u(t)‖2L2 6 H(u(t)) = 1.
Therefore
lim sup
t−→T ∗
‖∇u(t)‖L2 6 1.
Set L := lim supt−→T ∗ ‖∇u(t)‖L2 and assume L < 1.
The definition of the superior limit ensures the existence of a sequence of times {tn}
∞
n=1
in [0, T ∗] converging to T ∗ such that
‖∇u(tn)‖L2 −→
n→∞
L.
Thus, there exists N = N(L) ∈ N∗ such that, for all n > N we have
‖∇u(tn)‖L2 6 L+
1− L
2
= 1−
1− L
2
.
Let n > N . From the local theory, one can construct a non-negative τ (depending only
on 1−L
2
, b and ‖u0‖L2) and a unique solution v on [tn, tn + τ ] of the problem{
i∂tv +∆v = f(x, v),
v(tn, x) = u(tn, x).
Hence, choosing n > N such that T ∗ − tn < τ , we are able to extend the solution u
beyond T ∗, which is absurd.
It remains now to establish (ii). Note that, for all x > 0
α
2
x4 6
eαx
2
− 1
α
− x2. (3.13)
Applying (3.13) with x = |u|, integrating over R2 and using the fact that 2
α
6 1, we
obtain ∫
R2
|u(t, x)|4
|x|b
dx+ ‖∇u(t)‖2L2 6 1, t ∈ [0, T
∗). (3.14)
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From (i) we know that there exists a sequence of times {tn}
∞
n=1 in [0, T
∗] converging to
T ∗ such that
‖∇u(tn)‖L2 −→
n→∞
1.
By plugging this sequence into (3.14), one achieves the proof of the second assertion. 
Now we are in position to prove the global existence in the critical regime. Let
{tn}
∞
n=1 be the sequence of times given by the second point of proposition 3.6. Lemma
2.7 and the Cauchy-Schwarz inequality yield∫
B(S)
|u0(x)|
2dx ≤ C(b, S, S ′)
(∫
R2
|u(tn, x)|
4
|x|a
dx
) 1
2
+
C(‖u0‖L2)
S ′
tn.
Taking the limit in n, we find that∫
B(S)
|u0(x)|
2dx 6
C(‖u0‖L2)
S ′
T ∗.
Let S ′ tend to ∞. We get ∫
B(S)
|u0(x)|
2dx = 0,
which is a contradiction (unless u0 ≡ 0). This ends the proof of Theorem 1.3.
4. Appendix
Definition 4.1. Let E be a bounded measurable set of Rd. Let u : E → R be a
measurable function. The distribution function of u is given by
µu(t) := |{u > t}|, t ∈ R.
Here, the notation |Ω| stands for the d-dimensional Lebesgue measure of Ω.
The (unidimensional) decreasing rearrangement of u, denoted by u#, is defined on
[0, |E|] by
u#(s) =
{
ess sup(u) s = 0,
inf {t; µu(t) < s} s > 0.
Here ”ess sup(u)” is the essential supremum of u.
For the rest of this section, we denote by E∗ the open ball centered at the origin and
having the same measure as E and by ωd the volume of the unit ball in R
d.
Definition 4.2. Let E be a bounded domain of Rd and u : E → R a measurable
function. The Schwarz symmetrization (or the spherically symmetric and decreasing
rearrangement) of u is the function u∗ : E∗ → R defined by
u∗(x) = u#(ωd|x|
d), x ∈ E∗.
The Schwarz symmetrization u∗ of u enjoys several interesting properties:
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• It is a radially symmetric and decreasing function.
• u and u∗ are equi-measurable. That is, they have the same distribution function.
• It has the same Lp-norm as u. More generally, if F : R → R is a Borel
measurable function such that either F > 0 or F (u) ∈ L1(E), then∫
E∗
F (u∗)(x) dx =
∫
E
F (u)(x) dx.
• If F : R→ R is a non-decreasing function, then (F (u))∗ = F (u∗).
The following two theorems are relevant for us.
Theorem 4.3 (Hardy-Littlewood).
Let f ∈ Lp(E) and g ∈ Lq(E) with 1 6 p, q 6∞ such that 1
p
+ 1
q
= 1. Then∫
E
f(x)g(x) dx 6
∫
E∗
f ∗(x)g∗(x) dx.
Theorem 4.4 (Polya-Szego¨).
Let 1 6 p < ∞. Let E be a bounded domain of Rd and u ∈ W 1,p0 (E) such that u > 0.
Then ∫
E∗
|∇u∗|p dx 6
∫
E
|∇u|p dx.
In particular, u∗ ∈ W 1,p0 (E
∗).
For proofs of these results as well as the properties mentioned above the reader is
referred to the book of S. Kesaven [19] (chapters 1 and 2).
Now we state and a prove a result used in the proof of lemma 2.3.
Lemma 4.5 (Strauss radial lemma).
Let 2 6 p <∞. There exists Cp > 0 such that for all u ∈ H
1
rad
(R2),
|u(x)| 6
Cp
r
2
2+p
‖u‖H1(R2), (4.1)
where r = |x|.
Proof. By density, it suffices to consider smooth compactly supported functions. Let
u(x) = ψ(|x|), ψ ∈ D([0,∞[). We have
ψ
p+2
2 (r) = −
p+ 2
2
∫ +∞
0
ψ′(s)ψ(r)
p
2 ds.
WEIGHTED CRITICAL NLS 21
Thus
|ψ|
p+2
2 (r) 6
p+ 2
2r
∫ +∞
0
|ψ′|(s)|ψ(r)|
p
2 s ds 6
p + 2
2r
‖∇u‖L2(R2)‖u‖
p
2
Lp(R2).
We conclude using the Sobolev embedding H1(R2) →֒ Lp(R2). 
Theorem 4.6 (Poincare´ inequality).
Let Ω be a bounded domain of Rd. Let 1 6 p <∞. Then, a constant C exists depending
only on Ω and p such that, for all u ∈ W 1,p0 (Ω), the following inequality holds
‖u‖Lp(Ω) 6 C‖∇u‖Lp(Ω).
The Poincare´ inequality implies the following.
Corollary 4.7. The norms ‖ · ‖W 1,p(Ω) and ‖∇ · ‖Lp(Ω) are equivalent.
Theorem 4.8 (A characterization of W 1,p0 (Ω)).
Suppose Ω, a bounded open set of Rd, is of class C1. Let u ∈ Lp(Ω) with 1 < p < ∞.
The following properties are equivalent:
(i) u ∈ W 1,p0 (Ω);
(ii) there exists a constant C such that, for all φ ∈ D(Rd) and all j ∈ {1, · · · , d}∣∣∣∣
∫
Ω
u ∂xjφ
∣∣∣∣ 6 C‖φ‖Lp′(Ω)
,
(iii) the function
u¯(x) :=
{
u(x) if x ∈ Ω,
0 if x ∈ Rd\Ω,
belongs to W 1,p(Rd).
Proof. See [7]. 
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